Abstract. We consider a typical (in the sense of Baire categories) convex body K in R d+1 . The set of feet of its double normals is a Cantor set, having lower box-counting dimension 0 and packing dimension d. The set of lengths of those double normals is also a Cantor set of lower box-counting dimension 0. Its packing dimension is equal to if d = 2, and equals 1 if d ≥ 3. We also consider the lower and upper curvatures at feet of double normals of K, with a special interest for local maxima of the length function (they are countable and dense in the set of double normals). In particular, we improve a previous result about the metric diameter.
Introduction and results
Let E be the Euclidean space of dimension d + 1, with d ≥ 1, and let K be the set of all convex bodies (i.e., compact convex sets with non-empty interior) in E. For K ∈ K, a chord is a line segment xy joining boundary points x and y of K. A chord xy is called a normal of K if it is orthogonal to some supporting hyperplane at the point x called foot. An affine diameter is a chord with parallel supporting hyperplanes at its endpoints, while a double normal is an affine diameter orthogonal to those supporting hyperplanes. Thus, a double normal is a normal with two feet. In this paper, N (K) stands for the set of (oriented) double normals of K, ℓ(c) denotes the length of an oriented chord c, and L(K) = {ℓ(b) |b ∈ N (K)}.
It is well-known that every normal to a convex body K is a double normal if and only if K has constant width. On the other hand, the shortest and the longest affine diameter are double normals, but are there others?
Answering a question proposed by V. Klee [15] , N. N. Kuiper proved in 1964 that every convex body in E has at least d + 1 non-oriented double normals [19] . Moreover, for any C 2− -function f : P d → R there exists a symmetric convex body K in E with centre 0, for which the set of double normals directions coincides to the critical set z ∈ P d (df ) z = 0 of f . Conversely, for any convex body K in E there exists a centrally symmetric convex body K ′ with C 2− -boundary and a C 2− -function f : P d → R whose critical set coincides to the set double normal directions of K, and of K ′ . Here C 2− stands for a class of regularity between C 1 and C 2 . More important for our paper, he also proved the following result.
Theorem A. [19] If d ≤ 2, L(K) has measure 0, while for d ≥ 3 there exists a C 2− centrally symmetric strictly convex body K ⋆ in E and a (non-rectifiable) arc
Our work is also related to the articles [3] , [29] , [30] , [31] , which focus on intersections of infinitely many affine diameters or normals for typical convex bodies. Let us mention here that, for d ≥ 2, double normals of a typical convex body are pairwise disjoint [24] . For other Baire categories results about convex bodies, see e.g. the survey [33] .
We prove in this paper the following results. For most K ∈ K, the set of feet of double normals is a Cantor set (i.e., a set homeomorphic to the standard Cantor set) having lower box-counting dimension 0 and packing dimension d (Theorem 1 in Section 3, and Theorems 2-3 in Section 4). Recall that the lower box-counting dimension is greater than or equal to the Hausdorff dimension and the upper box-counting dimension is greater than or equal to the packing dimension, so these results provide the typical Hausdorff and the upper box-counting dimension as well.
Double normals are related to the critical points of ℓ K , see Lemmas 3 and 4.
For most K ∈ K, the map ℓ K , which associates to a double normal of K its length, is injective and Lipschitz continuous. Thus, L(K) is a Cantor set and has lower box-counting dimension 0. In particular, its Lebesgue measure vanishes, though the function ℓ K does not satisfy the hypotheses of regularity of Sard's theorem. For most K ∈ K, the packing dimension of L(K) is equal to Again, for most K ∈ K, the set of maximizing chords (local maxima of the length function) is countable and dense in N (K) (Propositions 2-3 in Section 6).
The last author considered in [27] , [28] , [32] the lower and upper curvatures γ τ i and γ τ s and proved, among other results, the following fact.
Theorem C. For most K ∈ K, at each point x ∈ ∂K, γ τ i (x) = 0 or γ τ s (x) = ∞ for any tangent direction τ at x, and both equalities hold at most points.
The curvature of a convex body is deeply related to double normals, see [2] , [34] and Remark 5. We continue this investigation by considering the lower and upper curvatures at feet of double normals. We prove that at any foot x of a maximizing chord c of a typical convex body and in any tangent direction τ , γ . Statements similar to our theorems, but involving only centrally-symmetric convex bodies in E, can also be proven. In this case, due to a variant of Theorem B for these bodies, see also [19, Theorem 2] , all double normals intersect at the symmetry centre. The formal statements and the proofs are left to the interested reader. This paper also leaves open several questions, see Remarks 3, 4 and 6.
Preliminaries
The space K, endowed with the Pompeiu-Hausdorff metric d P H , is a Baire space. This allows us to state that most convex bodies, or typical convex bodies enjoy a given property, meaning that the set of those bodies that do not enjoy it is meagre, i.e. of first Baire category. (Recall that a subset of a topological space is said to be of first Baire category, if it is included in a countable union of closed sets of empty interior. Otherwise, it is called of second category.) Of course, it is also equivalent to state that the set of bodies that do enjoy the considered property is residual, meaning that it contains a dense countable intersection of open sets (a dense G δ -set). We shall need the following (almost obvious) lemma.
Lemma 1. [1]
If Z is a space of second Baire category (in itself ), Y is residual in Z, and X is residual in Y , then X is residual in Z.
In this article, we shall apply the lemma when Z is Baire space. The distance on the set C (K)
thus, the ball centred at c ∈ C (K) of radius r coincides with the Cartesian product of the balls of radii r centred at the extremities of c. The restriction of ℓ to C (K) is denoted by ℓ K . An oriented chord which is a local maximum (a strict local maximum) of ℓ K is said to be maximizing (respectively strictly maximizing). We define M(K) (resp. M S (K)) as the set of maximizing chords (respectively strictly maximizing chords).
From now on, unless otherwise specified, the words double normal will refer to an oriented double normal. The set of non-oriented double normals of K is denoted by N (K); and ℓ K stands for the corresponding length map. It's easy to see that the canonical map φ K : N (K) → N (K) is 1-Lipschitz. The set of feet of double normals is denoted by F (K). The set of affine diameters of K is denoted by D (K).
Some more general notation follows. We denote by N n the set of positive integers smaller than or equal to n and by N 0 n the set of non-negative integers smaller than n. Given an n-tuple x = (x 1 , . . . , x n ) ∈ E n and a subset I of N n , x I denotes the set {x i |i ∈ I}.
For any subset A of E, ∂A stands for the boundary of A, conv(A) for the convex hull of A (i.e., the intersection of all convex sets containing A), A for the affine space spanned by A and − → A for the direction of A . For distinct x, y ∈ E, xy stands for the line segment joining x to y and xy for the whole line. The open ball, closed ball and sphere centred at x of radius r are denoted by B (x, r),B (x, r) and S (x, r) respectively.
The following lemma is obvious and left to the reader.
Double normals are related to the critical points of ℓ K . More precisely we have the following two lemmas. Proof. Assume that b is not a double normal. Then the hyperplane H normal to xy through one foot of b, say x, is not a supporting hyperplane. It follows that there exists x n ∈ ∂K tending to x and separated from y by H. Thus, y − x n > x − y and (x, y) is not a local maximum of ℓ K .
The next lemma is Proposition 1 in [18] ; see also Proposition 2.2 in [8] .
The next lemma is central to this paper.
Proof. Since b is a strict local maximum of ℓ, there exists r ∈ ]0, min (ε,
Hence, there is a neighbourhood U of K such that for any
It follows that the global maximum b
is not achieved on the boundary of the ball, and thus, it is a maximizing chord.
We will often use implicitly the following criterion in order to prove that a chord is maximizing.
If there exists η > 0 and α < π/2 such that for any (x ′ , y ′ ) ∈ B(x, η) × B(y, η) the angles ∡yxx ′ and ∡xyy ′ are smaller than α,
The proof is elementary and left to the reader.
The next lemma will be invoked in the proof of Theorem 5. It seems to be interesting by itself.
Lemma 7. For all K ∈ K, the map ℓ K is 2-Hölder continuous. More precisely, for
Since b 1 is included in the zone of E between the hyperplanes normal to b 0 through x and x ′ , we have
Remark 1. 2-Hölder maps defined on a space connected by Lipschitz continuous arcs are constant.
Remark 2. It is classical that the restriction of a map of class C 2 to a compact set of critical points is always 2-Hölder, but in our case ℓ K is not so regular.
A Cantor set
In this section, we prove the following theorem. Theorem 1. For most K ∈ K, N (K) is homeomorphic to the Cantor set.
Proof. Recall that a famous theorem of Brouwer assures that a compact metric space is a Cantor set if and only if it is non-empty, totally disconnected, and perfect. The compactness is clear from Lemma 2. The non-emptiness follows from the fact that any metric diameter (i.e., longest chord) is, by Lemma 3, a double normal. Thus, it remains to prove the last two properties, to which Lemmas 10 and 11 below are devoted.
A finite set X ⊂ E is said to be standard if for any two disjoint subsets X 1 , X 2 with cardinality at most d + 1, we have
A polytope is said to be standard if for any two facets F , G that does not have a common vertex, we have
Clearly, a polytope with a standard set of vertices is standard.
Proof. Let (x, y) ∈ N (K) and F x , F y be the minimal dimensional facets containing x and y respectively. Clearly F x and F y are included in two parallel supporting hyperplanes H x and H y , whence they cannot have a common vertex. On the one hand, K is standard, whence
On the other hand,
Hence (x, y) is the only double normal whose extremities lie in minimal facets F x and F y . We proved that, for any pair of facets, there is at most one double normal. It follows that N (K) is finite.
Lemma 9. The set of n-tuples x ∈ E n such that x Nn is standard contains an open and dense set in E n .
Proof. First notice that the set U ⊂ E n of all n-tuples x such that for any
is open and dense. We have to prove that, for any non-empty disjoints subsets I, J with cardinality at most d + 1, the set
x J is always greater than or equal to k, and that rank (
, where M IJ is a (d + 1) × (#I + #J − 2) matrix, whose columns are vectors x i − x min I (i ∈ I, i = min I) and y j − y min J (j ∈ J, j = min J). So x / ∈ U IJ if and only if rank (M IJ ) < #I + #J − 2 − k, that is, if all minors of M IJ of order greater than or equal to #I + #J − 2 − k vanish. Such minors are polynomials on E n , whence U IJ is open, and dense if and only if it is not empty. The latter fact being obvious, the proof is finished.
Proof. We have
It is well-known that a limit of connected sets is connected. Hence, by Lemma 2, A n is closed. By virtue of Lemma 9, standard polytopes are dense in K , and by Lemma 8, they cannot belong to A n . Hence A n has empty interior, and thus A is meagre.
We have
We have to prove that the closure of A n,u has empty interior, that is, for any K 0 ∈ K and any ε > 0 there exists K 3 ∈ K such that d P H (K, K 3 ) < ε and such that a whole neighbourhood of K 3 does not intersect A n,u . First, we can find a polytope
is empty then the set will remain empty for any K in a whole neighbourhood of K 1 , because otherwise the limit of a converging subsequence of double normals of K tending to K 1 would belong toB u, 1 n . Hence we can set K 3 = K 1 and the proof is finished.
If
n is not empty then we can move and dilate slightly K 1 such that the modified polytope
If it is not too long nor too wide, then (x 3 , y 3 ) and (x if necessary, we may assume that the hyperplanes normal to the diagonals of R through their extremities does not intersect K 2 , whence those hyperplanes are supporting K 3 , and (x 3 , y 3 ) and (x ′ 3 , y ′ 3 ) are double normal of K 3 . Also, one can easily check that any segment between x 3 (respectively y 3 ) and any point of K 3 make an angle less than π/2, whence (x 3 , y 3 ) ∈ M S (K 3 ). Of course, the same holds for (x ′ 3 , y ′ 3 ). Now, by Lemma 5, there is a whole neighbourhood U of K 3 such that any K ∈ U admits at least two double normals in B u, 1 n , hence U does not intersect A n,u .
Dimensions
In this section, we prove that for most convex bodies K the lower box-counting dimension of F (K) is 0 and its packing dimension is d. Let us recall their definitions.
If A is a metric space and δ is a positive number, a subset F ⊂ A is called a δ-set if any two distinct points of F have a distance at least δ. Let's denote by P δ (A) the supremum of the cardinals of all δ-sets of A. The lower and upper box-counting dimension of A are defined as
It is well-known that the lower packing dimension is greater than or equal to the Hausdorff dimension [10] . The fact that a compact countable set may have arbitrarily large box-dimension leads to the definition of the so-called packing dimension:
where the infimum is taken over all the coverings {A i } i∈N of A. It is clear that this dimension is lower than or equal to the upper box dimension, and vanishes for any countable set. There also exists a similar dimension derived from the lower boxcounting dimension, but we shall not use it in this paper. Note that, classically, the packing dimension is defined in a completely different way, involving outer measures. See [10, 3.3 and 3.4] or [20, Theorem 5.9] for the original definition and the equivalence between those definitions.
It is easy to see that for any subset A of E, P δ A = P δ (A) and thus dim B A = dim B A. This fact, together with Baire's theorem leads to the following lemma.
Lemma 12. Let s be a positive number. If A is a complete metric space in which any open set has upper counting-box dimension at least s, then dim P A ≥ s.
It follows that dim B A = dim P A whenever A is complete and enjoys some kind of homogeneity, as can be expected for the set of double normals of a typical convex body.
Theorem 2. For most K ∈ K, the lower box-counting dimension of N (K) is 0.
Using an general result of Gruber [12, p. 20] , the proof of the theorem almost completely reduces to the upper semi-continuity of the maps K → N (K) (Lemma 2) and A → P δ (A) ( [12, p. 20] ). However, in order to make the paper more self-contained, we choose to give a more geometrical, direct proof.
where
We first prove that A n,m is closed. Let K p ∈ A n,m tend to K ∈ K. Let us fix δ ≤ 1/m; we want to prove that
By extraction, one can assume the convergence of each sequence b
Hence, by Lemmas 7 and 8, A n,m has empty interior and A is meagre.
Lemma 13. For any K ∈ K, any (x, y) ∈ N (K) and any ε > 0 there exist
contains two spherical caps symmetrical to each other with respect to o, one of them included in B (x, ε).
Proof. Let o be the midpoint of xy and ∆ the open subset of E bounded by the two hyperplanes through x and y, normal to x − y.
We choose R > x − y /2 small enough to ensure that
It remains to prove that a whole neighbourhood of the poles p
Assume that there exists p n ∈ S(o, R), tending to p, and interior to some line-segment a n b n with a n ∈ B + and b n ∈ conv (K ∪ B − ). Passing if necessary to a subsequence, we may assume that b n converges to b ∈ conv (K ∪ B − ). The hyperplane H n through p n and normal to (x − y) separates a n and b n , and the connected component of B + \ H n containing p tends to {p}, whence a n → p. Since p n − a n → 0, ∡b n a n o → π/2. It follows that b should belong to the hyperplane through p normal to x − y, and we get a contradiction.
Of course, the same proof holds for p − .
Lemma 14. Let K be a convex body in E and b 1 , . . . , b n ∈ N (K) be n double normals. Assume that each foot of b i (i ∈ N n ) admits a neighbourhood in ∂K which does not contain any line-segment. Then there exists a sequence K p ∈ K tending to K when p tends to ∞, such that b 1 , . . . b n belong to M S (K p ) for any p. 
Proof. Let U be a countable base of open sets of E. For N ≥ 1 and V ∈ U, we define
If for a given V ∈ U, K lies in the intersection of all these Ω V,N , it satisfies dim P F (K)∩V = d whenever F (K)∩V is non-empty, and it follows that dim P F (K) = d by Lemma 12. Thus we just have to check the density in K of intΩ V,N . Let V ∈ U, N ≥ 1, K 0 ∈ K and ε > 0; we look for some
, image one to the other by the symmetry σ : p → 2o − p, and such that U + ⊂ V . Choose x ∈ U + and let r > 0 be small enough to ensure that C
for any x ∈ F . By virtue of Lemma 5, there is a neighbourhood V of K 3 in K such that for any K ∈ V , and any x ∈ F , there exists a double normal (x,ỹ) ∈ N (K) verifying x ∈ B(x, δ/4) ∩ V . From this we get that P δ/2 (F (K) ∩ V ) ≥ P δ (C + ) and thus K ∈ Ω V,N . Hence K 3 ∈ intΩ N and the proof is complete.
Remark 3. The reader may ask why this theorem is stated for F instead of N . As a matter of fact, obviously,
Since this set is canonically one to one mapped (for a C 1 strictly convex body K) on the unit sphere of E, one may think that dim P D (K) = d, in which case Theorem 3 would hold for N as well. However, this bijection is not (known to be) regular enough to get any conclusion on the dimension of D(K).
For a smooth strictly convex body, there is a diametral map ∆ K : ∂K → ∂K which associates to a point x the only point x ′ such that (x, x ′ ) ∈ D (K). Hence D (K) ⊂ ∂K × ∂K is the graph of this map. However, this map is not necessarily Lipschitz continuous, or regular enough to carry any dimensional information. Indeed, K. Adiprasito and T. Zamfirescu proved that it behaves rather badly in the typical case, for it maps a set of full measure on a set of measure zero [1] .
Nevertheless, if d = 1, an elementary argument of monotony of ∆ K shows that dim D (K) = 1 for any reasonable notion of dimension. See Lemma 16.
Critical values
This section focuses on the set of lengths of double normals. As seen earlier, double normals can be seen as critical points of the length function, so their lengths are critical values.
Lemma 15.
There is an open and dense set U ⊂ E n such that for any four pairwise disjoint non-empty sets of indices I, J, I
′ , J ′ ⊂ N n of cardinality at most d, the distance between x I and x J and the distance between x I ′ and x J ′ are either distinct or both equal to 0.
Proof.
There is an open and dense set V 0 ⊂ E n such that for any non-empty set of indices I ⊂ N n , dim
for any x ∈ V 0 . So, from now on, we assume implicitly that #I + #J ≤ d + 3 and #I ′ + #J ′ ≤ d + 3. Now, by Lemma 9,  there is an open and dense set V 1 ⊂ V 0 such that for any disjoint sets of indices I, J ⊂ N n , − → x I ∩ − → x J = {0}. Moreover, there exists a real valued rational function P IJ on E n whose restriction to
. We have to prove that, given four pairwise disjoint sets of indices I, J,
Since it is defined by polynomials inequations, it is sufficient to prove that it is not empty. This latter fact is obvious because the sets of indices are disjoint.
Proof. A set K has a non-injective function ℓ K if and only if there exists an integer n and two non-oriented double normals
. For fixed n, the set A n of such bodies is obviously closed in K d . Since a double normal realizes the distance between the affine spaces spanned by two disjoint faces (disjoint, because they lie in two parallel hyperplanes), by Lemma 15, there is a dense set of polytopes that does not intersect A n and the proof is finished.
Corollary 2. For most
Corollary 3. For most K ∈ K, L(K) is homeomorphic to the Cantor set and has lower box-counting dimension 0.
Proof. It's easy to see from Lemmas 10 and 11 that N (K) is a Cantor set. Since, by Theorem 4, ℓ :
is also a Cantor set. Moreover, ℓ is Lipschitz continuous, whence, by Theorem 2,
Concerning the upper dimension, we get the following result.
Remark 4. We conjecture that, in the case d = 2, dim P L (K) cannot exceed 3/4 for any K ∈ K. Obviously the conjecture implies the equality in Theorem 5.
The rest of the section is devoted to the proof and will be divided in several lemmas; the final compilation is postponed to the end of the section.
Proof. Let ∆ K : ∂K → ∂K be the function which associates to each point x the other extremity of the affine diameter starting at x. Thus D (K) is the graph of ∆ K . It is easy to see that two distinct affine diameters of K always intersect inside K.
Thus ∆ K is locally monotone, in the following sense: for any homeomorphisms
It follows that the dimension of the graph of ∆ K , cannot exceed the dimension of ∂K.
Let V be a basis of open sets of R. For V ∈ V and N a positive integer, define
such that x 0 − y 0 ∈ V , and ε > 0. By Lemma 13, there exits K 1 ∈ K such that d P H (K 0 , K 1 ) < ε and ∂K 1 contains two circle arcs C ± sharing the same centre o, symmetrical to each other with respect to o, and such that the line x 0 y 0 intersects ∂K 1 in two points x ∈ C + and y ∈ C − .
We may also assume that 2R def = x − y ∈ V . By considering even smaller arcs, one can assume without loss of generality that x is the midpoint of C + ; let a, b be its extremities. Put Θ = ∡xoa. Making if necessary C + even smaller, we may also assume without loss of generality that
for any θ ∈ [0, Θ]. The lines tangent to C + at a and b intersect at some point c collinear with o and x. Note that the union K 2 of the triangle abc and K 1 is convex. Making if necessary C + even smaller, we may assume without loss of generality that
+ . Now choose a positive integer n and define for i = 0, . . . , n δ = RΘ 2 /4n 2 ,
Note that, for i > 0,
whence all the v i belong to the triangle abc. Let K 3 be the convex hull of K 2 , the points v i and their symmetrical points v
We claim that any triangle ov i v j with 1 ≤ j < i ≤ n is acute. Since R i > R j , it is clear that ∡ov i v j < π/2. Moreover ∡ov j v i is acute if and only if
On the other hand
and the claim is proven. Moreover, ∡v n ob < π/2 because r n > R. It follows that
Since lim ln n
, and ε > 0. We have to prove that there exists Let b i ∈ N (K 1 ) (i = 0, . . . , M ) be a double normal of length a + iδ 0 . By Lemma 14, one can find
by the choice of M . Hence K 2 belongs to U 
Then, for m large enough, for any
We claim that these inequalities hold for m large enough, for any (i, j) = (i ′ , j ′ ) ∈ N and we get a contradiction.
Case
For p large enough, |α p | < 2 21 , whence
and we get another contradiction. This completes the proof.
Proof. Choose K 0 ∈ K (x 0 , y 0 ) ∈ N (K 0 ) such that x 0 − y 0 ∈ V , and ε > 0; we have to prove that there exists K ∈ U
3/4
V,N such that d H (K 0 , K) < ε. By Lemma 13, one can find a convex body K 1 whose distance from K 0 is less than ε and whose boundary contains two spherical caps, symmetrical to each other with respect to some point o. Let R be the radius of this sphere; we may assume that 2R ∈ V . One can also assume, without loss of generality, that o = (0, 0, 0) and that those caps are centered at equatorial points ±e = (±R, 0, 0). Denote by C the cap centered at e, and, for A > 0, byĈ the convex hull of C ∪ {(R + 2A, 0, 0)}. For A sufficiency does not intersect K 1 . Let K 3 be the convex hull of V and K 1 . Since
the angle ∡ov ij p is less than π/2. It follows that v ij ∈ ∂K 3 and that (v ij , −v ij ) are maximizing chords of K 3 .
For m large enough, all the lengths of those chords belong to V , whence 
Critical points
As Gruber showed in [11] , a typical convex body K is not C 2 . It follows that the usual classification of critical points of ℓ K according to the Hessian does not work. However, one can distinguish local maxima, local minima, and other critical points. Since the curvature (and so the Hessian) is typically undefined, it is unclear weather those other critical points look like saddles.
The first proposition is obvious and its proof is left to the reader. Proposition 1. For a strictly convex body K ∈ K, ℓ K has no local minimum.
Local maxima are not very numerous either.
Proposition 2. For most convex bodies K ∈ K, the set M(K) is at most countable.
Proof. By Theorem 4, for most
be the subset of those V such that ℓ K |V admits a maximum, which is necessarily unique by the injectivity of ℓ K . Then the map W ′ K → M (K) mapping V to this maximum is surjective and the proof is complete.
However, we have the following proposition.
Proof. Let K S be the set of convex bodies K such that M S (K) = M(K). By Corollary 2, K S is residual in K, so by Lemma 1, it is sufficient to prove the conclusion for most K ∈ K S . Let U 2 be a countable basis of open sets of E 2 . For U ∈ U 2 , define
Those sets are open in K S by Lemma 2 and Lemma 5 respectively. If K belongs to the
First we chose a polytope K 1 ∈ O (By corollary 1, polytopes all belong to K S ). If K 1 ∈ Φ U put K 3 = K 1 and the proof is finished; otherwise there exists a double normal of K 1 liying in U . In this case, one can sightly dilate and move K 1 in order to obtain another polytope K 2 ∈ O admitting a double normal (x, y) ∈ U . For η > 0, define
where γ u is the curvature of ∂K at u = x, y and w = x − y . Hence the Hessian degenerates when
So, the index of a double normal seen as a critical point appears to be closely related to the curvature of ∂K at its feet. This contributes to the motivation for the following section. See also [16] , [17] , [18] .
Curvature at feet of double normals
This section brings some light on the curvature aspect of most convex surfaces, at the endpoints of their double normals.
For distinct x, y ∈ E, let C xy = S (x, x − y ) be the sphere of centre x passing through y.
On a C 1 convex body K, the unit sphere of the tangent space to ∂K at x ∈ K is denoted by T 1 x K. Consider a smooth, strictly convex body K, a point x on its boundary ∂K, and a tangent direction τ ∈ T 1 x K. Take the 2-dimensional half-plane H whose boundary line N is along the normal at x, such that x + τ ∈ H. Then, for any point z ∈ H ∩∂K, there is exactly one circle with its centre on N and containing both x and z. Let r z be the radius of this circle. Then ρ Proof. Proof. Let c = xx * , and assume
then there exists a sequence of points {x n } ∞ n=1 converging to x, such that x n − x * > ℓ(c).
But this obviously contradicts the hypothesis asking for c to be maximizing. Proof. By Theorem B, most convex bodies are smooth; so, one can speak of tangent directions at boundary points. By Theorem C, for most convex body K and any point x ∈ ∂K, we have γ
Since, by Lemma 21, we have γ τ i (x) = 0 for every endpoint x of a maximizing chord, and every tangent direction τ , the theorem follows.
A chord c which is longest among all chords of C ∈ K is called a metric diameter of C. The next result strengthens Theorem 6 in the case of the metric diameter and improves Theorem 11 in [35] . Proof. A direction or a line-segment or a hyperplane will be called horizontal, respectively vertical, if it is parallel, respectively orthogonal, to a fixed hyperplane.
By Theorem 11 in [35] , most convex bodies have a single metric diameter. As the set of all convex bodies having a horizontal diameter is obviously nowhere dense, the space K ′ of all convex bodies with a single non-horizontal diameter is residual in K, and we apply Lemma 1 to obtain generic results in K, working in K ′ . Let xx * be the metric diameter of C ∈ K ′ , such that x is above and x * below any horizontal hyperplane cutting xx * , and let the direction τ be orthogonal to xx * . Take the points x * n ∈ xx * such that x * − x * n = 1/n (n = 1, 2, 3, ...), and consider the half-plane Π with xx * on its relative boundary and x + τ ∈ Π. Let A n (τ ) ⊂ Π be the arc starting at x, of length 1/n, of the circle of centre x * n passing through x. The radius is diamC − 1/n. Let us say that C ∈ K ′ has the (n)-property if for its metric diameter xx * and for some direction τ orthogonal to xx * , A n (τ ) does not meet intC. We prove that the set K ′ n of those C ∈ K ′ which enjoy the (n)-property is nowhere dense in K ′ . First, it is easily seen that each K ′ n is closed in K ′ . Then, let C ∈ K ′ . Approximate it by a polytope P having as metric diameter xx * . Choose ε > 0 very small (compared with 1/n). Consider the (d − 1)-sphere S with S orthogonal to xx * , having its centre on xx * , lying between C x * n x and C x * x , and satisfiying diamS = ε. Let the polytope P ′′ approximate convS in S , with d P H (P ′′ , S) much smaller than ε.
Then P ′ = conv(P ∪ P ′′ ) has not the (n)-property, whence K ′ n is nowhere dense. In conclusion, most C ∈ K ′ have the (n)-property for no natural number n. This means that for every tangent direction τ at x, ρ τ s (x) > diamC − 1/n for infinitely many n's, yielding ρ τ s (x) = diamC. Analogously, ρ τ s (x * ) = diamC. By Theorem 1 in [8] , for most C ∈ K, at every point z ∈ ∂C and for every direction τ at z, ρ The above theorems describe the curvature at the feet of maximizing chords. However, as shown by Proposition 2, maximizing chords are rare among double normals. Concerning typical double normals we have the following result.
Theorem 8. For most K ∈ K and most x ∈ F (K), in any tangent direction τ , γ τ s (x) = ∞. Proof. Rephrasing the second point of Theorem C, we get that for most K ∈ K the set I = x ∈ F (K) ∀τ ∈ T 1 x K, γ τ s (x) = ∞ contains a dense G δ set in ∂K. A closer look at the proof in the original paper [28] shows that indeed I is a G δ set. Thus I ∩F (K) is a G δ set in F (K), which contains, by Theorem 6, all the feet of maximizing chords of K. Now, by Proposition 3, the set of those feet is dense in F (K), whence the conclusion.
Remark 6. We still ignore, for typical convex bodies, the behaviour of the lower curvature at the feet of (most) double normals. The existence of double normals with finite upper curvature at a foot is also unknown; however, these curvatures cannot be finite at both feet of the same double normal (see Theorem 4.1 in [1] ).
Let us consider a typical convex body among those that admit a given linesegment as double normal. Theorem 9 shows that the curvature behaviour at the endpoints of c coincides with the curvature behavior at most points. (See [28] for the latter result in K; the result is also valid in the space K ′′ defined below, and the proof parallels that for K.)
Proof. Let K ′′ be the Baire space of all convex bodies admitting c as a double normal. We may assume that c = xx * is vertical, with x above x * . Following the same steps as in the proofs of Klee [14] or Gruber [11] , one can show that most C ∈ K ′′ are smooth (boundary of class C 1 ). This justifies the use of "tangent directions" at x.
Let the direction τ be orthogonal to xx * . Consider the points x n ∈ xx * , x ′ n ∈ xx * , such that x / ∈ x * x n and x − x n = x − x ′ n −1 = n. Take the half-plane Π with xx * on its boundary and x + τ ∈ Π. Let A n (τ ) ⊂ Π, A ′ n (τ ) ⊂ Π be the arcs starting in x, of length 1/n, of the circle of centre x n , respectively x ′ n , passing through x. The radii are n and 1/n, respectively.
We now say that C ∈ K ′′ has the (n)-property if, for some horizontal direction τ , A n (τ ) ∩ intC = ∅ or A ′ n (τ ) ⊂ C. We prove that the set K ′′ n of those C ∈ K ′′ which enjoy the (n)-property is nowhere dense in K ′′ . Again, it is easily checked that each K ′′ n is closed in K ′′ . Approximate C ∈ K ′′ by a polytope P with vertices x, x * such that ∂P has no horizontal direction at x or x * . We now use the polytope P ′ constructed in the proof of Theorem 7. This polytope has not the (n)-property, whence K ′′ n is nowhere dense. Hence, most C ∈ K ′′ have the (n)-property for no natural number n. Thus, for every tangent direction τ at x, ρ τ s (x) > n and ρ τ i (x) < 1/n for infinitely many n's, i.e. ρ 
